Abstract. We show that a representation of a Banach algebra A on a Banach space X can be extended to a canonical representation of A * * on X if and only if certain orbit maps A → X are weakly compact. When this is the case, we show that the essential space of the representation is complemented if A has a bounded left approximate identity. This provides a tool to disregard the difference between degenerate and nondegenerate representations.
Introduction
Let A be a Banach algebra. By the groundbreaking work of Arens, multiplication on A can be extended in two natural ways to a multiplication on its bidual A * * , called the left Arens product and the right Arens product ♦. Each of these multiplications give A * * the structure of a Banach algebra, and the map κ A : A → A * * is multiplicative. Despite being complicated objects, biduals of Banach algebras are usually accessible through powerful tools that are not at one's disposal to study the Banach algebras themselves: among others, arguments involving polar decompositions can be performed, and a much more general type of functional calculus is available. The technical advantages enjoyed by biduals are regularly exploited in the theory of C * -algebras, where Kaplansky's density theorem often allows one to transfer information back to A.
It therefore becomes relevant to know in what situations one can work in the much more flexible context of the bidual algebra. More concretely, we are interested in knowing when a representation of A extends to A * * .
Problem 1.1. Given a representation ϕ : A → L(X), find conditions that guarantee that there exists a representationφ : (A * * , ♦) → L(X), orφ : (A * * , ) → L(X), making the following diagram commute: The easiest situation to apply Theorem 2.5 is when every operator A → X is weakly compact. In this case, every representation of A on X has a canonical extension to a representation of A * * (endowed with either Arens product) on X. There are many interesting situations in which every operator A → X is weakly compact: If A or X is reflexive; or if A is a C * -algebra and X does not contain an isomorphic copy of c 0 ; see Paragraph 2.6.
If ϕ : A → L(X) is a representation, we define its essential space X ϕ as the closed linear span of {ϕ(a)x : a ∈ A, x ∈ X}, and we say that ϕ is nondegenerate if X ϕ = X. Nondegeneracy is a technically important condition, which grants one access to extension arguments involving multiplier algebras. For a locally compact group G, nondegeneracy is precisely the assumption needed to be able to 'disintegrate' a representation L 1 (G) → L(X) to an action of G on X. In practice, however, one often encounters nondegenerate representation. The difference is relatively insignificant for representations on Hilbert spaces, since one can simply restrict the attention to the essential space (which is again a Hilbert space). For a more general Banach space X, the distinction is more important. It is particularly valuable to know when X ϕ is complemented in X, since many properties of Banach spaces pass to complemented subspaces. In Section 3, we use Theorem A to show that this is often the case: Theorem B. Let A be a Banach algebra with a bounded left approximate indentity, and let ϕ : A → L(X) be a representation. If the orbit map ev x • ϕ : A → X is weakly compact for all x ∈ X, then X ϕ is complemented in X.
We make a few comments about the proof of Theorem B. When A has a bounded left approximate identity, the Banach algebra (A * * , ♦) has a left unit e; see Paragraph 3.6. Thus, if the representation ϕ : A → L(X) has an extension to some representatioñ ϕ : (A * * , ♦) → L(X), thenφ(e) is a natural candidate for a projection onto the essential space. In general, the range of the projectionφ(e) can be strictly bigger than the essential space of ϕ. Nevertheless, and somewhat surprisingly, we show that this is not the case for the canonical extensions from Theorem A. We also obtain bounds on the norm of the projection, which allows us to show that the essential space is 1-complemented if ϕ is contractive and A has a contractive left approximate identity; see Corollary 3.9.
In Section 5 and Section 6 we present two applications of our results to what are arguably the most relevant classes of Banach algebras: C * -algebras and group algebras. Concretely, we show in Theorem 5.3 that a C * -algebra can be isometrically represented on some L p -space, for p ∈ [1, ∞) \ {2}, if and only if it is commutative.
This result is to some extent unexpected, and it should be compared with the fact that every C * -algebra can be represented on a noncommutative L p -space, for any p ∈ [1, ∞); see Remark 5.4.
Let G be a locally compact group. The completion of L 1 (G) for nondegenerate representations on L p -spaces is called the universal group L p -operator algebra, denoted F p (G); see [Phi13, GT15b] . The Banach algebra F p (G) captures the isometric representation theory of G on L p -spaces, and is universal with respect to nondegenerate representations of L 1 (G) on L p -spaces. Using Theorem B, we show that 
Extending representations of a Banach algebra to its bidual
Throughout this section, A denotes a Banach algebra, X denotes a Banach space, and ϕ : A → L(X) denotes a representation. Using the multiplicative opera-
, we extend ϕ to a multiplicative operatorφ : (A * * , ♦) → L(X, X * * ); see Paragraph 2.1 and Proposition 2.2. The main result of this section is Theorem 2.5, where we characterize when the image ofφ is contained in L(X) in terms of weak compactness of orbit maps A → X. If this is the case, it follows that ϕ is multiplicative not only with respect to ♦, but also with respect to .
2.1. Given operators a, b : X → X * * , their product ab is defined as the composition κ * X * • a * * • b. This gives L(X, X * * ) the structure of a unital Banach algebra, with unit κ X ; see [GT16a, Paragraph 3 
Let α X : L(X) * * → L(X, X * * ) be the contractive operator introduced in [GT16a, Definition 3.16]. Instead of recalling the definition of α X , we provide a formula to compute α X (S) for S ∈ L(X) * * ; see Lemma 2.4. (For the purposes of this paper, Lemma 2.4 can be taken as the definition of α X .)
In general, the bitranspose of a multiplicative operator between Banach algebras is again multiplicative if both bidual Banach algebras are equipped with the same Arens product. Thus, ϕ * * : (A * * , ♦) → (L(X) * * , ♦) is multiplicative. The map α X is multiplicative for the right Arens product ♦ on L(X) * * , and we have γ X = α X • κ L(X) ; see Corollary 3.23 and Lemma 3.19 in [GT16a] . We thus obtain the following commutative diagram, where each map is a multiplicative operator: Proof. If the image of f * * is contained in Y 0 , then it is also contained in Y , and consequently f is weakly compact. To show the backward implication, assume that f is weakly compact. Let ι : Y 0 → Y be the inclusion map. Using that the image of f is contained in Y 0 , we let f 0 : X → Y 0 be the unique map such that f = ι • f 0 .
We identify Y * * 0 with a subspace of Y * * , and Y with a subspace of Y * * . There is a commutative diagram:
?
Since the inclusion ι * * is weak * continuous, we deduce that (y j ) j∈J converges weak * to y in Y * * . Since the net (y j ) j∈J and y belong to Y , it follows that (y j ) j∈J converges weakly to y. It follows from the Hahn-Banach theorem that (norm-)closed subspaces are weakly closed, which implies that y belongs to Y 0 , which proves the claim.
Since f is weakly compact, the image of f * * is contained in Y . Using that ι * * is isometric, it follows that the image of f * * is contained in the image of f * * 0 , which in turn is contained in Y * * 0 . Using the claim, the result follows.
The following is the case X = Y of [GT16a, Lemma 3.18].
We consider L(X) as a subalgebra of L(X, X * * ) via the map γ X . The following consequence is our desired (partial) answer to Problem 1.1. Proof. Using Lemma 2.4 at the first step, we havẽ
for all S ∈ A * * and x ∈ X. Thus, given x ∈ X, the orbit map ev x • ϕ is weakly compact if and only ifφ(S)(x) belongs to L(X) for every S ∈ A * * , by the comments before Lemma 2.3. This implies the first statement.
From now on, we assume that every orbit map ev x • ϕ is weakly compact, and hence that the image of ϕ is contained in the image of γ X .
(1). We clearly have X ϕ ⊆ Xφ. Conversely, given x ∈ X, since ev x • ϕ is weakly compact with image contained in X ϕ , it follows from Lemma 2.3 that the image of (ev x • ϕ) * * is contained in X ϕ as well. Using Lemma 2.4 at the first step, we deduce thatφ
for every S ∈ A * * and x ∈ X. Hence, Xφ ⊆ X ϕ , as desired. (2). That ϕ is multiplicative with respect to ♦ follows from Proposition 2.2. Given a, b ∈ A, we use the second identity of Lemma 3.20 of [GT16a] at the second step (with T = ϕ * * (a) and S = ϕ(b) ∈ γ X (L(X))), and Lemma 3.21 of [GT16a] at the third step, to get The class of spaces that do not contain an isomorphic copy of c 0 is known to include all reflexive space, and all L p -spaces for p ∈ [1, ∞).
Since C * -algebras are Arens regular, we do not have to specify the choice of Arens product in their biduals.
Corollary 2.7. Let A be a C * -algebra and let X be a Banach space that does not contain an isomorphic copy of c 0 . Then every representation of A on X has a canonical extension to a representation of A * * .
For unital representations of unital C * -algebras, Corollary 2.7 has implicitly been obtained by Spain, [Spa15, Section 9]. However, for our applications in Section 3, we have to consider nonunital Banach algebras and nonunital representations.
Projections onto the essential space of a representation
Let X be a Banach space, and let X 0 ⊆ X be a closed subspace. Recall that a projection from X onto X 0 is an idempotent operator on X with image X 0 . For λ ≥ 1, we say that X 0 is λ-complemented in X if there exists a projection from X onto X 0 of norm at most λ. The space X 0 is said to be complemented if it is λ-complemented for some λ. In this section, we study the following:
Problem 3.1. Let A be a Banach algebra, and let X be a Banach space. Under which assumptions on A and X does it follow that the essential subspace of every representation A → L(X) is complemented? Moreover, if such a projection exists, can its norm be estimated?
Of course, any solution to Problem 3.1 depends crucially on A and X. The better behaved A is, the fewer assumptions we need to put on X, and conversely. The extreme points for this tradeoff are given by the case that X is isomorphic to a Hilbert space (where every subspace is 1-complemented), and on the other end that A has a left unit (where the image of the left unit is the desired projection).
The main result of this section is Theorem 3.8, which provides a positive solution to Problem 3.1 for the case that A has a bounded left approximate identity and every operator A → X is weakly compact.
The following example shows that every Banach space which is not a Hilbert space admits a representation of some Banach algebra whose essential space is not complemented.
Example 3.2. Let X be a Banach space not isomorphic to a Hilbert space. By the Lindenstrauss-Tzafriri theorem, [LT71] , we can choose a closed subspace X 0 that is not complemented in X. Consider L(X, X 0 ), which we identify with the space of operators a ∈ L(X) satisfying a(X) ⊆ X 0 . Then L(X, X 0 ) is a closed subalgebra of L(X). Then the inclusion map is an isometric representation ϕ : L(X, X 0 ) → L(X), whose essential space is easily seen to be exactly X 0 .
Analogously, one may ask what happens if the Banach algebra is fixed but the Banach space is allowed to vary: 3.5. We can generalize Example 3.4 to many other nonunital C * -algebras, as follows. Taylor showed in [Tay72, Corollary 3.7] that a nonunital C * -algebra A is uncomplemented in its multiplier algebra M (A) if A has a well-behaved approximate identity. (See [Tay72] for the definition.) By [Tay72, Proposition 3.1], it follows that every non-unital, σ-unital C * -algebra is uncomplemented in its multiplier algebra. In particular, this gives a positive answer to Question 3.3 for every separable C * -algebra. In general, however, a C * -algebra need not be uncomplemented in its multiplier algebra. Indeed, there exist non-unital C * -algebras whose multiplier algebras agree with their minimal unitizations, and every C * -algebra is complemented in its minimal unitization. For examples and a further discussion, we refer to [GK16] .
3.6. Let A be a Banach algebra. Given a bounded left approximate identity (e j ) j∈J in A, let e be any weak * cluster point of the net (κ A (e j )) j∈J in A * * . Then e♦a = a for every a ∈ A. Since the right Arens product is weak * continuous in the second variable, we deduce that e♦S = S for all S ∈ A * * . Thus, e is a left unit for the right Arens products. The converse also holds, and hence A has a bounded left approximate identity (with bound λ) if and only if (A * * , ♦) has a left unit (with norm at most λ); see [Pal94, Proposition 5.1.8, p.527].
Lemma 3.7. Let A be a Banach algebra, let X be a Banach space, and let ϕ : A → L(X) be a representation. Setφ = α X • ϕ * * : A * * → L(X, X * * ). Let e ∈ A * * be a left unit for (A * * , ♦), and set p =φ(e). Then p is an idempotent in L(X, X * * ) with p ≤ e ϕ and such that pφ(S) =φ(S) for all S ∈ A * * .
Proof. By Proposition 2.2, we have φ = ϕ , which implies that p = φ(e) ≤ φ e = ϕ e .
Sinceφ is multiplicative for the right Arens product by Proposition 2.2, we deduce that p 2 =φ(e♦e) =φ(e) = p. Finally, for every S ∈ A * * , we have
pφ(S) =φ(e)φ(S) =φ(e♦S) =φ(S).
The following is a (partial) solution to Problem 3.1.
Theorem 3.8. Let A be a Banach algebra with a bounded left approximate identity with bound λ, let X be a Banach space such that every operator A → X is weakly compact, and let ϕ : A → L(X) be a representation. Then the essential space of ϕ is λ ϕ -complemented in X.
Proof. Setφ = α X • ϕ * * : A * * → L(X, X * * ), as in Proposition 2.2. It follows from Theorem 2.5 that the image ofφ is contained in L(X), and that X ϕ = X ϕ . As noted in Paragraph 3.6, there exists a left unit e for (A * * , ♦) with e ≤ λ. Set p =φ(e) ∈ L(X). Then p is an idempotent and p ≤ λ ϕ by Lemma 3.7. The range of p is contained in the essential space ofφ. Conversely, it follows from Lemma 3.7 that p acts as the identity on the essential space ofφ. Thus, p is the desired projection onto the essential space of ϕ.
Corollary 3.9. Let A be a Banach algebra with a contractive left approximate identity, let X be a reflexive Banach space, and let ϕ : A → L(X) be a contractive representation. Then the essential space of ϕ is 1-complemented in X.
Proof. Since X is reflexive, every operator A → X is weakly compact. Thus, we may apply Theorem 3.8. Proof. The assumptions imply that every operator A → X is weakly compact; see Paragraph 2.6. Moreover, every C * -algebra has a contractive approximate identity. Thus, we may apply Corollary 3.9 to deduce the statement.
Representations of multiplier algebras
Throughout this section, we will use the notion of (left) multiplier algebras; see, for example, [Joh64] and [Daw10] . It is well-known that a nondegenerate representation of a Banach algebra A with bounded approximate identity can be extended to a representation of the (left) multiplier algebra M l (A). For our purposes, we need to show that a nondegenerate isometric representation of A can be extended to an unital, isometric representation of M l (A). This result is certainly also well-known, but we could not locate a reference. We therefore include an argument. 
Moreover, for every a ∈ A, x ∈ X and T ∈ M l (A), we have
Furthermore, if ϕ is isometric, then so is ϕ.
Proof. Let T ∈ M l (A). We claim that (1) defines a map ϕ(T ) : X → X. By the Cohen-Hewitt factorization theorem, we have X = ϕ(A)X. To show that ϕ(T ) is well-defined let a, b ∈ A and x, y ∈ X satisfy ϕ(a)(x) = ϕ(b)(y). Let (e j ) j∈J be a contractive, left approximate identity in A. Using that T is continuous at the first and last step, and that T is a left multiplier at the second step, we obtain that
Analogously, we have
Thus ϕ(T (a))(x) = ϕ(T (b))(y), and T is well-defined.
We claim that ϕ is a unital representation satisfying ϕ • L = ϕ. Given S, T ∈ M l (A), a ∈ A and x ∈ X, we have
and thus ϕ(ST ) = ϕ(S) ϕ(T ). Similarly one shows that ϕ(id
We claim that ϕ is conctractive. Given T ∈ M l (A), we use the Cohen-Hewitt factorization theorem at the second step, to get ϕ(T ) = sup ϕ(T )(x) : x ∈ X, x < 1 = sup ϕ(T )(ϕ(a)(x)) : a ∈ A, x ∈ X, a ≤ 1, x < 1 = sup ϕ(T (a))(x) : a ∈ A, x ∈ X, a ≤ 1, x < 1 ≤ T , as desired. Finally, when ϕ is isometric, then ϕ is also isometric: [NR11] .
Let E be a class of Banach spaces. A Banach algebra A is called an E-operator algebra if there exists an isometric representation of A on some Banach space in E.
For instance, an L p -operator algebra is a Banach algebra that admits an isometric representation on some L p -space. Such algebras have been studied in [Phi12] , [Phi13] , [GT15a] , [GT15b] , [GT16b] .
Theorem 4.3. Let E be a class of reflexive Banach spaces that is closed under passing to 1-complemented subspaces, and let A be an E-operator algebra with a contractive left approximate identity. Then there is a nondegenerate isometric representation of A on a space in E. It follows that the left multiplier algebra of A has a unital, isometric representation on a space in E.
If A has a contractive approximate identity, then the same holds for M (A).
Proof. Choose X ∈ E and an isometric representation ϕ : A → L(X). Let X ϕ denote the essential space of ϕ. By Corollary 3.9, X ϕ is 1-complemented in X, so X ϕ ∈ E. The restriction of ϕ to X ϕ is the desired nondegenerate representation. Applying Theorem 4.1, we obtain a unital, isometric representation of M l (A) on X ϕ . If A has a contractive approximate identity, then M (A) can be identified with a unital, closed subalgebra of M l (A), which implies the statements for M (A).
Remark 4.4. If A is a C * -algebra, then Theorem 4.3 also holds for the class of L 1 -spaces; see Lemma 5.1.
Representations of
The goal of this section is to show that a C * -algebra is necessarily commutative if it has an isometric representation on an L p -spaces for p ∈ [1, ∞) \ {2}; see Theorem 5.3. This result is a crucial ingredient to obtain the results in [GT16c] , where it is shown that algebras of convolution operators on L p (G), for a nontrivial locally compact group G, are not presentable on an L q -space unless p = q, or p and q are conjugate Hölder exponents, or p = 2 and G is commutative.
To main ingredients to prove Theorem 5.3 are: first, a reduction to the unital case using the results in Section 4; and second, Lamperti's theorem [Lam58] .
For p > 1, the following result also follows from Theorem 4.3.
Lemma 5.1. Let p ∈ [1, ∞), and let A be a C * -algebra with an isometric representation on an L p -space. Then the multiplier algebra of A has a unital, isometric representation on an L p -space.
Proof. Choose an L p -space X and an isometric representation ϕ : A → L(X). As observed in Paragraph 2.6, X does not contain an isomorphic copy of c 0 . It follows from Corollary 3.10, that X ϕ is 1-complemented in X. We may then argue as in the proof of Theorem 4.3 to deduce that X ϕ is an L p -space and that the restriction of ϕ to X ϕ extends to a unital isometric representation of M (A) on X ϕ . Given a unital Banach algebra A, recall that a ∈ A is said to be hermitian if exp(ita) = 1 for every t ∈ R. (Equivalently, exp(ita) ≤ 1 for every t ∈ R.) An element of a unital C * -algebra is hermitian if and only if it is self-adjoint. Let A and B be unital Banach algebras, let ϕ : A → B be a multiplicative operator, and let a ∈ A be hermitian. If ϕ is unital and contractive, then ϕ(a) is hermitian in B. Indeed, using that ϕ is unital, we have exp(itϕ(a)) = ϕ(exp(ita)) for every t. Further, using that ϕ is contractive, we obtain that exp(itϕ(a)) = ϕ(exp(ita)) ≤ exp(ita) = 1, as desired. If ϕ is not unital or not contractive, then ϕ(a) need not be hermitian. Proof. Assume that a is given by multiplication with a bounded, measurable function h : X → R. We need to show that exp(ita) ≤ 1 for every t ∈ R. Let t ∈ R. Then the operator exp(ita) is given by multiplication with the function exp(ith).
For each x ∈ X, we have exp(ith)(x) ∈ S 1 , and therefore exp(ith) ∞ ≤ 1. It follows that exp(ita) ≤ 1, as desired.
To show the converse implication, assume that a is hermitian. By rescaling, if necessary, we may assume that a ≤
Since a is hermitian, we have u t ≤ 1 for every t. Moreover, we have u t u −t = u −t u t = id, which implies that u t belongs to Isom(L p (µ)) for every t. Moreover, the resulting map u :
is norm-continuous. By Lamperti's theorem (in the form given in Theorem 4.4 in [GT15a] ; see also [Lam58] for the original statement), for every v ∈ Isom(L p (µ)) there exists a measurable function h v : X → S 1 and a measure class preserving automorphism
for all ξ ∈ L p (µ) and µ-almost every x ∈ X. (The transformation T v is called the spatial realization of v in [Phi12] .)
We may apply Lamperti's theorem to u t , for each t ∈ [0, 1]. By Lemma 6.22 in [Phi12] , the spatial realizations of u 0 and u 1 agree. Since u 0 is the identity map on L p (µ), its spatial realization is the identity on X. Thus, there exists a measurable function h : X → S 1 such that u 1 is given by multiplication with h.
]}, and set P = {z ∈ S 1 : Re(z) ≥ 0}. The restriction of the exponential map to T is a bijection onto P . We let log : P → T denote the inverse map, which is contained in a branch of the logarithm and is therefore analytic on a neighborhood of P .
Let σ(a) denote the spectrum of a. Since a ≤ π 2 , the spectrum of ia is contained in T , and consequently σ(u 1 ) ⊆ P . Thus, we may apply (analytic) functional calculus to u 1 and obtain that ia = log(u 1 ). Recall that u 1 is given by multiplication with the function h : X → S 1 . After changing h on a null-set, we may assume that h takes image in P . It follows that ia is given by multiplication by the function log(h), which takes values in T . This implies that a is given by multiplication by −i log(h), which is a bounded, measurable real-valued function, as desired. Proof. Assume that A is commutative. By the Gelfand representation theorem, there exists a locally compact Hausdorff space X such that A ∼ = C 0 (X). By choosing a suitable family of Borel probability measures on X, it is easy to construct a faithful representation of C 0 (X) on an L p -space, via a direct sum of representations by multiplication operators. We omit the details.
To show the converse, assume that A has an isometric representation on an L pspace. By Lemma 5.1, there is a unital, isometric representation of the multiplier algebra M (A) on some L p -space. Since A is commutative if (and only if) M (A) is commutative, we can assume that A and its representation are unital. Since any element in a C * -algebra is a linear combination of two self-adjoint elements, it is enough to show that self-adjoint elements in A commute.
Let a, b ∈ A sa . Since the unital sub-C * -algebra generated by a and b, is a separable unital C * -algebra, we may assume that A itself is separable. In this case, by [Phi13, Proposition 1.25], there exist a separable L p -space E and a nondegenerate (and hence automatically unital) isometric representation ϕ : A → L(E). Since every separable L p -space is isometrically isomorphic to L p (µ) for some complete, σ-finite measure space µ, and since ϕ(a) and ϕ(b) are hermitian, we deduce from Lemma 5.2 that ϕ(a) and ϕ(b) commute. Since ϕ is injective, the result follows.
One important ingredient in the proof of Theorem 5.3 was that all hermitian operators on L p (µ) commute, for a complete, σ-finite measure space µ and p ∈ [1, ∞) \ {2}. We remark that there are other Banach spaces X such that all hermitian operators on X commute. There are even Banach spaces X such that every hermitian operator on X is a multiple of the identity operator; see [BS74, Section 3]. For such X, there is no isometric, nondegenerate representation of any nonzero C * -algebra A = C on X.
Remark 5.4. Theorem 5.3 should be contrasted with the fact that every C * -algebra can be isometrically represented on a noncommutative L p -space To prove this, it is enough to show it for L(H) for a Hilbert space H.
It is well-known that ϕ is an isometric representation.
Universal completions for representations on L
p -spaces 6.1. Let A be a Banach algebra, and let E be a class of Banach spaces. We let Rep E (A) denote the class of all non-degenerate, contractive representations A → L(X), for X ranging over Banach spaces in E. Given a ∈ A, we set
We let F E (A) denote the Hausdorff completion of A with respect to the semi-norm · E . Multiplication on A extends to F E (A) and turns it into a Banach algebra.
In the next result, we show that in the definition of F E (A), one can sometimes consider all representations on E, and not just the nondegenerate ones.
Theorem 6.2. Let E be a class of reflexive Banach spaces that is closed under passing to 1-complemented subspaces, and let A be a Banach algebra with a contractive left approximate identity, and let a ∈ A. Then a E = sup ϕ(a) : ϕ : A → L(X) contractive representation, X ∈ E .
Proof. Let K denote the supremum of ϕ(a) for all contractive representations ϕ : A → L(X) with X ∈ E. We clearly have a E ≤ K. To show the converse inequality, let X ∈ E and let ϕ : A → L(X) be a contractive representation. We need to verify that ϕ(a) ≤ a E . It follows from Corollary 3.9 that X ϕ is 1-complemented in X, and hence X ϕ belongs to E. Let ϕ 0 denote the restriction of ϕ to X ϕ . Note that ϕ(b) = ϕ 0 (b) for every b ∈ A. Thus, ϕ 0 is a nondegenerate, contractive representation of A on a space in E. We conclude that ϕ(a) = ϕ 0 (a) ≤ a E .
Let G be a locally compact group. We equip G with a fixed left invariant Haar measure, and we let L 1 (G) denote the corresponding group algebra of integrable functions, with product given by convolution. Note that L 1 (G) is a Banach algebra with a contractive, approximate identity.
Let X be a Banach space, and let Isom(X) denote the group of surjective isometric operators X → X. We equip Isom(X) with the strong operator topology. An isometric representation of G on X is a continuous group homomorphism G → Isom(X). Every isometric representation of G on X can be integrated to obtain a nondegenerate contractive representation L 1 (G) → L(X). It is well-known that this induces a bijection between isometric representations of G on X and nondegenerate, contractive representations L 1 (G) → L(X). Given a class E of Banach spaces, we denote F E (L 1 (G)) by F E (G). The Banach algebra F E (G) captures the representation theory of G on Banach spaces in E. Given p ∈ [1, ∞), let L p denote the class of L p -spaces. We set F p (G) = F L p (G), and we call F p (G) the universal group L p -operator algebra of G. The Banach algebras F p (G) have been studied in [GT15b] . Corollary 6.3 is a crucial ingredient in [GT16c] , where it is used to reduce the question of representability of certain Banach algebras of convolution on L q -spaces to a question about nondegenerate representations. In particular, for every nontrivial, locally compact group G, it follows that F p (G) and F q (G) are not isometrically isomorphic as Banach algebras for p, q ∈ [1, 2] with p = q.
